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Abstract 

In this article we consider the uniqueness of stable constant mean cur- 
vature spheres in asymptotically flat 3-manifolds with more general asymp- 
totics. We remove the radius condition in my original article[7|. 

1 Introduction 

In Generality Relativity we usually study the asymptotically flat 3-manifolds. It 
can be considered as the initial data set of the Einstein Equation. To study the 
geometry of such manifolds is also interesting and useful. In 1996 Huisken and Yau 
proved in [5] that in the asymptotically Schwarzschild manifold with positive mass, 
there exists a foliation by strictly stable constant mean curvature(CMC) spheres. 
They also use this foliation to defined the center of mass. The uniqueness of such 
foliation is a harder problem. Huisken and Yau proved that for 1/2 < q < 1, 
stable CMC sphere outside is unique, where H is the constant mean 

curvature of the surface. In 2002, Jie Qing and Gang Tian removed this radius 
condition and proved a sharper uniqueness theorem in [5]. They found a scaling 
invariant integral to detect the positive mass. To calculate this integral they blow 
down the constant mean curvature spheres in three differential scales and use 
some technique from harmonic maps to deal with the intermediate part. Then 
Lan-hsuan Huang considered in [4] the general asymptotically flat manifolds with 
Regge-Teitelboim condition. She proved a similar result as Huisken and Yau. Her 

uniqueness result also needs radius condition of the form ri < C\r^ for some a 
satisfying 2 (2+ q ) < a < 1- In recent papers [21 [3], Eichmair and Metzger considered 
the existence and uniqueness of isoperimetric surfaces in a kind of asymptotically 
flat manifolds which is C° asymptotic to Schwarzschild(for uniqueness they require 
more smoothness). In [7] I studied the uniqueness problem in (m, fc, e)-AF-RT 
manifold which requires the manifold to be close to asymptotically Schwarzschild 
manifold in some weak sense and under the weaker radius condition log(ri) < 
CVp^ 4 I proved the uniqueness of the stable CMC spheres outside some sufficiently 
large compact set. In this article, we remove both the radius condition and the 



condition that the manifold being close to Schwarzschild. First we give some main 
definitions. 

A three-manifold M with a Riemannian metric g and a two-tensor K is called 
an initial data set (M, g, K) if g and K satisfy the constraint equations 



R g -\K\l + (tr g (K)) 2 = 16np 

div g (K) - d(tr g (K)) = 8nJ (1) 

where R g is the scalar curvature of the metric g, tr g (K) denotes g 1 ^ Kij, p is the 
observed energy density, and J is the observed momentum density. 

In this paper we consider asymptotically fiat manifold of the following kind: 

Definition 1. We say (M,g,K) is asymptotically flat (AF) if it is an initial data 
set, and there is a compact subset K C M such that M \ K is diffeomorphic to 
R 3 \ Bi(0) and there exists coordinate {x 1 } such that 

gij(x) = 5 lj + hij(x) (2) 



h ij (x)=0 5 (\x\- 1 ) K ij {x) = O x {\x\- 2 ) (3) 
Also, p and J satisfy 

p{x)=0{\x\- A ) J(.x) = 0(|*r 4 ) (4) 

Here, f = O k (\x\- q ) means d l f = 0(\x\- l -i) for I = 0,- • • ,k. 

M \ K is called an end of this asymptotically flat manifold. Here we only 
consider the asymptotically flat manifolds with one end. 
We can define mass for this end as: 

m = riSo lib l xl ^ hij ' j ~ h ^ V 3 dP <» 

where v g and dp g are the unit normal vector and volume form with respect to the 
metric g. From [T]we know the mass is well defined if the scalar curvature R g is 
L 1 integrable. From the constraint equation we have R g decays like r -4 which is 
in L 1 so the mass is well defined. 

For the definition of center of mass we introduce the Regge-Teitelboim(RT) 
condition [9]: 

Definition 2. We say (M, g, K) is asymptotically flat satisfying the Regge-Teitelboim 
condition (AF-RT) if it is AF, and g,K satisfy these asymptotically even/odd con- 
ditions 

h°f d {x) = 2 (M~ 2 ) Ktr n {x) = 1 (\x\- 3 ) (5) 
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Also, p and J satisfy 



p°M( x ) = 0(\x\- 5 ) J odd {x) = 0{\x\- 5 ) (6) 
where f odd (x) = f(x) - f(-x) and f even (x) = f(x) + f(-x). 
For (AF-RT) manifolds, the center of mass C is denned as 



C a = — - — lim ( I x a (\n^i-hn^)v 3 g dng- f {h ia v l g - h u Vg)dfig). (7) 

107T771 r->oo ./| s | =r J\x\=r 



From [4], we know it is well denned. 

Let E be a constant mean curvature(CMC for short) surface. We say it is 
stable if the second variation operator has only non-negative eigenvalues when 
restricted to the functions with mean value, i.e. 

(\A\ 2 +Ric(v g ,v g ))fdfi< [ |V/| 2 ^ (8) 

for function / with J s fdji — 0, where A is the second fundamental form, and 
Ric(v g , v g ) is the Ricci curvature in the normal direction with respect to the metric 
9- 

In this paper we prove the following uniqueness theorem: 

Theorem 1.1. Suppose {M,g,K) is AF-RT manifold with positive mass. Then 
there exists a compact set K , such that for any H > sufficiently small, there 
is only one stable sphere with constant mean curvature H that separates infinity 
from K. 

This theorem follows form the key lemma below and Huang's uniqueness the- 
orem: 

Lemma 1.2. If (M,g) is asymptotically fiat in the following sense 

where hij(x) — Osdxl" 1 ) and h° dd {x) — 02(|x|~ 2 ). And the scalar curvature R g 
is L 1 integrable. Then if the mass is positive. For any sequence of stable CMC 
spheres E n which separate infinity from the compact part, if 

lim ro(E n ) = oo 

n— too 

then there exist some constant C and some sufficiently large compact set T such 
that for any E„ outside T we have ri(E„)/ro(E„) < C. Where 

r (E„) = inf { |cc| : x G E„} 
»*l(E n ) = sup{|x| : x S E„} 
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Now we state the main idea of this article. To detect the positive mass, we 
follow the idea of Qing and Tian [8], using an integral: 




■It. 



where H is the constant mean curvature of the sphere E, H e is the mean curvature 
in Euclidean metric, v e is the out-point unit normal vector of E and b is some 
constant vector to be chosen later. In [7] I used harmonic coordinates to calculate 
this integral which needs the original metric to be close to Schwarzschild manifold. 
Under the radius condition log(ri) < Cr\j 4 , I proved that the center of the sphere 
can not go very far away after suitably blowing-down which is sufficient to prove 
the uniqueness. In this article, I find a direct way to calculate this integral in 
Chapter 5 which does not need the manifold to be close to Schwarzschild. Also 
we find a better estimate on the second fundamental form, Lemma 14.81 which 
removes the radius condition. 

Acknowledgement I would like to thank My advisor Professor Gang Tian for 
long time help and encouragement. I show my special thanks to Professor 
Jie Qing for helpful discussions. I also thank Yalong Shi for discussions on 
harmonic maps. 

2 Curvature estimate 

All the curvature estimates in my original paper [7] are valid in this case if we 
require q = 1 in that paper. We state the results directly. 

Lemma 2.1. Suppose E is a stable constant mean curvature sphere in the asymp- 
totically flat manifold. We have for tq sufficiently largeA 



Lemma 2.2. Suppose E is a CMC sphere in an asymptotically flat end (i? 3 \ 
Bi(0)), then we have: 



where H e denotes the mean curvature with respect to the background Euclidean 
metric. 




H 2 \T,\ < C 



(9) 




(10) 
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Proof. From the following explicitly expression 

H — H e = f l h l ,il h .\, j + ^HvVhij - FJVihji (11) 
+\f j v l Vih ij ± C\h\\Vh\ ± C\h\ 2 \A\ (12) 
and the lemma above we can deduce the result. 

□ 

Lemma 2.3. Suppose £ is a CMC sphere in the asymptotically flat end with ro 
sufficiently large and that J s H 2 < C, then: 

([ fd^ 2 <C(f |V/|d M + / H\fW). 

Lemma 2.4. Suppose £ is a CMC sphere in an asymptotically flat end with ro(£) 
sufficiently large, then: 

CiR- 1 < diam{Y>) < C 2 H~ 1 , 

where the diam(E) denotes the diameter o/E in the Euclidean space R?. 

In particular, if the surface £ separates the infinity from the compact part, 
then: 

CxH- 1 < n(S) < c 2 h-\ 

Then from Simons identity and Sobolev inequality Lemma 12.31 we have the 
following basic curvature estimate: 

Theorem 2.5. Suppose that (R 3 \ Bi(0),g) is an asymptotically flat end. Then 
there exist positive numbers gq, 5q such that for any CMC surface in the end, 
which separates the infinity from the compact part, we have: 

\A\ 2 {x) < C\x\- 2 f \A\ 2 dn + C\x\- 4 < C\x\- 2 r 1 

JB SoM (x) 

\VA\ 2 (x) < C\x\~ 2 [ \VA\ 2 d^i + c\x\- 6 < c\x\~ 4 r - 1/2 

JB Sotx] (x) 



3 Blow down analysis 

Now we have the three blow-downs as usual. First we consider 

2 l 2 ; 
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Suppose that there is a sequence of constant mean curvature surfaces {Si} 
such that 



lim r (S 4 ) = oo, 

i— S-OO 

we have known that 



lim / H e d/i e = 16tt. 

Then from L.Simon |10j Theorem 3.1, we have 

Lemma 3.1. Suppose that {Si} is a sequence of constant mean curvature surfaces 
in a given asymptotically flat end (K 3 \ Bi(0),g) and that 

lim ro(Si) = oo. (13) 

i— j-oo 

And suppose that Si separates the infinity from the compact part. Then, there is 
a subsequence of {Si} which converges in Gromov-Hausdorff distance to a round 
sphere Sf (a) of radius 1 and centered at a el 3 . Moreover, the convergence is in 
C 2 a sense away from the origin. 

Then, we use a smaller scale ro to blow down the surface 

N = r (Y,)- 1 Y, = {r^x : x G^}. (14) 

Lemma 3.2. Suppose that {Si} is a sequence of constant mean curvature surfaces 
in a given asymptotically flat end (R 3 \ Bi(0),g) and that 

lim ro(£») = oo. (15) 
i— >oo 

And suppose that 

lim r (Zi)H(Ei) = 0. (16) 

%— ¥ OO 

Then there is a subsequence of {Si} converges to a 2-plane at distance 1 from 
the origin. Moreover the convergence is in C 2,a in any compact set of R . 

We must understand the behavior of the surfaces Si in the scales between 
ro(Si) and -ff _1 (Si). We consider the scale such that 

lim = lim riH(£i) = (17) 

i^oc 7*i i— >oo 

and blow down the surfaces 

%=r- 1 Z = {r- 1 x:x£Z}. (18) 
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Lemma 3.3. Suppose that{T,i} is a sequence of constant mean curvature surfaces 
in a given asymptotically flat end (R 3 \ £?i(0),g) and that 

lim r (E<) = oo (19) 
And suppose that n are such that 



lim = o lim ri#(£i) = (20) 

XTien i/iere is a subsequence of {5^} converges to a 2-plane at the origin in 
Gromov-Hausdorff distance. Moreover the convergence is C 2,a in any compact 
subset away from the origin. 



4 Asymptotically analysis 

In this chapter, we mainly follow the same idea as [5] or [7]. However in the end 
we will derive a new estimate on the second fundamental form Lemma 14.81 which 
makes the uniqueness possible. First let us revise the properties of harmonic 
function on a column. Denote 

h\\i,i = I \u\ 2 + \^u\ 2 dtde, 

J[(i-l)L,iL]x5 1 

where(i, 9)is the standard column coordinate. 
Lemma 4.1. Suppose u € W 1 ' 2 (N, R k ) satisfies 

Au + A-Vu + B- u = h (21) 

in N, whereN — [0, 3L] x S . And suppose that L is given and large. Then there 
exists a positive number So such that if 

\\h\\L'(N) < So max (22) 

l<i<3 

and 



\\A\\ L ~ (N) <5o ||B|U~(*o<*o (23) 

then, 

(a>)\\u>\\i,3 < e~* L \\u\\i t 2 implies\\u\\i t 2 < e~* L \\u\\i,i 
< e _ 5 i ||u||i )2 implies ||u||i, 2 < e^ L ||u||i , 3 
(c) If both J Lx gi ud6 and ^Lxs 1 — m axi<j<3 || u|| then either ||u||i,2 < 
e~^ L \\u\\i,i or \\u\\i,2 < e~^ L ||u||i, 3 
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Given a surface E in i? 3 . Recall 

A e v + \\7 e v\ 2 v = V e H e , 

where v is the Gauss map fromE — > S 2 . For the constant mean curvature spheres 
in the asymptotically flat end (i? 3 \ i?i(0), g), we have 

Lemma 4.2. 

\V e H e \{x) < C\x\~ 3 

Proof. Because of the uniform equivalence of the metric g and the euclidean met- 
ric, we can prove: 

\VH e \{x) <C\x\~ 3 
instead. From the expression of H — iJ„ (fTTj) . we have 

\VH e \ < \Whyj\\A\ + \hij\\A\ 2 + 1^-11 VAy | +H\A\\hij\ + H\Vh tJ \ 
+\A\\Vh ij \ + \W 2 h\ 

< C\x\~ 3 (24) 

□ 

Suppose E is a CMC surface in the asymptotically flat end. Set 

A ri>r2 = {x e E : n < \x\ < r 2 } 

and A® ± r2 stand for the standard annulus in R 2 . Consider the behavior of v on 
AKr ('S),sH- 1 (T,) °f E wherein will be fixed large and s will be fixed small. The 
lemma below gives us a good coordinate on the surface. 

Lemma 4.3. Suppose E is a constant mean curvature surface in a given asymp- 
totically flat end (R 3 \ Bi(0),g). Then, for any e > and L fixed and large, 
there areM ,s and K such that, ifro > M and i£>o(S) < r < sJf _1 (E), then 
(r^ 1 A r e L r ,r~ 2 g e ) may be represented as (A9 L ,g) and 

\\g-\dx\ 2 \\ cHA aL) <e. (25) 
In other words, in the cylindrical coordinates (S 1 x [log r, L + log r, g~ c ] ) 

\\Vc - ( dt2 + rf6,2 )llc 1 (S 1 x[logr,L+logr]) < £ (26) 

Now consider the cylindrical coordinates (t,6) on (S* 1 x [log Kro, log sH^ 1 ]), 
then the tension field 

|r(«)| =r 2 \V e H e \ < Cr- 1 (27) 
for t £ [log Kr Q , log sH- 1 }. Thus, 

\r(v)\ 2 dtd6 < Cr' 2 (28) 

S 1 x[t,t+L] 
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Let Ii stand foiS 1 x [log Kr$ + (i — l)L, logKro + iL], and Ni stand for Jj_i U 
Ii U Ii+i- On E n we assume log(sH~ 1 ) — \og(Kr ) = l n L. 

Now we get the energy decay by an argument which is a little different from 
that of |S]. Suppose is the metric on the surface £„ , i.e. the restriction of 
gij on S n . For sufficiently large K, we consider (£„ n -B^- (0), /y ■ |a?| — 4 (7^r ) 2 ) 
which is close to the unit ball of M 2 . Now the Gauss map v n : £„ — > S* 2 induces 
a map S ra : -Bi(O) — ► S 2 . Note that the energy of v will concentrate at the origin 
of B\ (0) and the tension field f of the map v satisfies 



•-| < Clxr^xWKro)- 2 = G\x\(Kr n )- 2 = (Xr ° )_ 



v / 4s 2 e~ 2l ' lL + f 2 



where r denotes the radius function of the unit ball. We notice that the tension 
field f is not uniformly bounded in L 2 (Bi(0)). But for any p g (1,2), it is 
uniformly bounded in L p (Bi(0)). To use the L p theory of harmonic maps, we 
first find the weak limit of the map v n as n tend to infinity. By Lemma |3.2[ we 
can find a subsequence of v n (also denoted by v n ) which converges weakly in 
W 1,2 (Bi(0)) to a constant map vq which is the unit normal vector of the limit 
plane of Lemma ET2"1 Now we introduce Theorem 6.5.1 of [5] 

Theorem 4.4. (Theorem 6.5.1 of fB^) Let M be a Riemannian surface without 
boundary. For any p > 1, assume that {ui} C W 1,2 (M, 5 i_1 ) are such that the 
tension fields: 

riui) = Am + \Vui\ 2 Ui 



are bounded in L P (M). If Ui converges to u weakly in W 1,2 (M, S L 1 ), then there 



exist finitely many harmonic S 2 's, {ujj} l j =1 , {al} l j =1 C M, {A^}' =1 C R+ such 



that 



lim \\u i -u-'Y]w J i \\ L cof M - ) =a 



and hence 



where 



i=i 



I 



lim \\m -u - tx>l\\ w i,2r M) = 

— inn ' ^ y ' 



I— >-oo 

3=1 



■ - a 3 - 

w i(') = w i(^j J -)- w j(°°) 



From the proof of this theorem we find the theorem holds also for M = i?i(0) 
which is a Riemann surface with boundary. In the case we consider, there is only 
one bubble uj blown up at the origin. So from the theorem above we have: 

lim ||S„ - S - (w( TTT ) - w(oo))|| L =e (Sl(0 )) = 0. 
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So from Lemma 13. 11 for s sufficiently small we have: 

OSC Bl (0)\B^ lnL (0)V n < OSC Bl (o)\B c _ lnL (o)^( - ; e -l n L > + 
can be arbitrarily small. So we have 

Lemma 4.5. For any e > 0, there is some S > and M > suc/i £/ia£ if0<s<5 
and n > M we have 

OSC^ nnBsH _ 1 ( t a)v < e. 

Now in the cylindrical coordinates (t,9) on (S 1 x [log iffo, log siJ -1 ]), we 
consider the equation satisfied by v n — Vo, where vq = vq. If we denote the 
Laplacian and gradient in this coordinate as A = |j + Jgy and V = {§i,-§g), 
then 

A(w„ - vq) + v n Vv n ■ V(w„ - vq) = t 
where \t\ < Ce~*. And 

\v n Vv n \ < \Vv n \ < C{s + r~ 1/2 ) 

which can be very small. At last from the lemma above for any 1 < i < l n , we 
have 

/ (v n ~ v )d6 < e, 

JiLxS 1 

so we can use Lemma |4~T1 to get the energy decay: 

Lemma 4.6. For each i € [3, l n — 2], there exists a geodesic 7 such that 

\Vv n \ 2 dtd9 < C{e- lL + e- {l ^ L )(s 2 + r^ 1 ). (29) 

Lemma 4.7. Suppose £/ia£{£„} is a sequence of constant mean curvature surfaces 
in a given asymptotically flat end (R 3 \ Bi(0),g) and that 

lim ro(S n ) = 00 (30) 

i— >oo 

And suppose that 

lim r (£„)ff(E n ) = (31) 

n— >oo 

T/ien £/iere exist a large number K , a small number s and no such that, when 
n > no, 

max |Vv| < C(e-i L + e" ii ^ ziiL )(s + r~ *) (32) 

w/iere 

/< = S 1 x [log(Kr (S n )) + (i - l)L,log(Kr (E„)) + iL] (33) 
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and 



ie[0,l n ] \og{Kr (Z n ))+l n L = log(sH- 1 (Z n )) (34) 

From the Lemma above, we get the new estimate of the second fundamental 
form: 

Lemma 4.8. If £ is a stable CMC sphere in the asymptotically flat end, then 
the second fundamental form of S has the following estimate: For a point x G 

( B Kr e( i + 1 > L \ B K r e^ ) H S, 

\A{x)\ < C\x\-\e-i L +e-^ L ){s + r^) 
where sH -1 = Kr$ ■ e lnL . 
Proof. Note that 

\A[x)\ < C|Vu(z)| < Clxl^suplVwl < C\x\- l {e~i L + e - Xi ^ iiL )(s + r^) 

ii 

□ 

Corollary 4.9. Assume the same condition as Propositio n^- 7\ Let v n = v(j> n ) 
for some p n € Ji^ . Then 

2 

Bup|«-w n | < C(e-? iL + e-* lnL ){s + rP) (35) 
h 

for i e [0, \l n ] 

sup |v - v n \ < C(e~* lnL + e-^- l)L )(s + r^) (36) 
ii 

for i £ [\l ni l n ] 

5 Mass integral 

In this section we consider the integral in a very different way compared with [7] . 
In that paper, we use the harmonic coordinates to reduce the integral to explicit 
form. But here we calculate it directly. We have a new estimate on the second 
fundamental form Lemma l4~8l so we can deal with the bad term in the integral. 

Now by contradiction we assume that Lemma 1 1 . 2 1 were false. Then we could 
find a subsequence of stable CMC spheres {£„} such that : £„ = \HY> — {^Hx : 
x G £„} converges to some sphere Si (a), for some unit vector a. Then the origin 
lies on Si (a). For b — —a, we consider the integral: 

f (H -H e )<v e -b > e d^e = fj,-f lk h M f lj A t] + -Hv'vthij - /'V ; V,// ;/ 
+\f ij v l Vih ij ± C\h\\Vh\ ± C\h\ 2 \A\) <v e -b> e d^ + O(ro X ), (37) 
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here i,j ran from 1 to 3, and fij is the restriction of gij . From 



r l v l (V l h jl )v m b m d[x e , (38) 
we change the integral into: 

^ (H-H e )<v e -b > e d^ e = £ ~f k h kl fVA ijV m b m + \rv l h fl A lk f m b m 

-\r 3 v l V,h 3l v m b m + ^v'Vthjv^d^ + O(r - 1 ) 



(39) 



Now for fixed s sufficiently small and K sufficiently large, we divide the integral 
into three parts: k n nB Kro > knu^ ' b n n(B sH ^\B Kro y 

For J E nBC if we blow down E„ by i?/2, and denote £„ = HT, n /2, we have 



X 



^hijAi^b™ + h u A im v l b m ~ ~v l d a h al v m b m + ii 



S " nB s/2 

^cU*fV& m + ^v l dih 2 J*v m b m diJL e {t n ), 



where h\j(x) — r ■ hij(rx). Now from Theorem 13. II and the estimate of the second 
fundamental form we have for fixed s small, as n — > oo, £„ n -B^ 2 will converge in 

C 2,a sense to Si(a) n S^ 2 - So we have Ay(E„) -> /y(S„) and u' — !• - a 1 . We 
know there is some constant C such that 

\hUx)\c°<C\x\-\\hV j<k (x)\ c o<C\x\- 2 . 
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Now for e > we can choose n sufficiently large such that: 

I f ~\h% R ~A t3 (fl n )v m b m + \h 2 ( H A tm (Z n )v l b m 
Js„nBj /2 z z 

- \v l d a h% H v m b m + ^/i^ m & m d Me (£„) 

- f -Wj a H v- b -+ l -hTv^ 

JT, n nB c s/2 z L 

- lv l d a h 2 J l H (x m - a m )b m + \v l d l h 2 ^{x m - a m )b m dfi e (X n )\ 
<e/8, 

where the Greek indices ran from 1 to 2. By a simple argument we have: 



/ , 



+ \v l dih 2 J a H (x m - a m )b m dfi e (t n ) 

= f ~hV H v m b m + \h 2 ' H v l V - l v i dl h 2 ( H (x m a m )b m 

Js n nB^ /2 L z z 

+ \v l dih 2 l H {x m - a m )b m dfi e (t n ) 

= f -\h 2 [ H v m b m + \h 2 [ H v l b l - \v l dih 2 ( H x m b m + ^v l dif^{ H x m b m dfi e 

is„nB c , III I 

s / 2 



f ~v l dih 2 J H + \v l d l h 2 [ H d^{t n ). 

Js„ns; /2 z L 



We denote the inside of £„ by int(E n ). Then by divergence formula we have 

-lh 2 J H v m b m + h 2 J H v¥ 

s„nB a c /2 z L 

- \v l dih 2 ( H x m b m + i« i 9 ; ^/ H x m 6 m ^ e (S„) 
= / . -\h*l H v m V" + \h 2 i l H v l b i 

Jint(T, n )ndB c s/2 (0) z z 

- \v l dih 2 ( H x m b m + ±v l d l hy H x m b m d f ji e 

z J mf(EJnB c ,J0) 



Note that the scalar curvature R g is L 1 integrable and R g — hij^j — hujj 
0(|:r|~ 4 ). So hij t ij — hujj is L 1 integrable. Define 



F(r) = / \hij,ij ~ /'„.,, '//'. 

'MnBf(o) 
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We have 

lim F(r) = 0. 

i — >oo 

So we have 



l/ . {h%jf-h%Z){x m b m )dv\<C\[ _ \h%S-h%%\dv 

Jmt(S„)nB a c /2 (0) Ant(S„)nB s c /2 (0) 

= C / - hmi\dv 

iint(E„)nB s c H _ 1 (0) 

< CF(sH~ 1 ). 



So 



And 



lim / (h%f l -h 2 Jf l )(x m b m )dv = 0. 

n ^°°JintCZ n )r\B° a/2 (0) 



int(T, n )ndB s/2 (0) z 



-h 2 J H v m b m + -h 2 J H v l b l 



^V l d l h 2 J H X m b m + ^V l dlh^{ H X m b m dfie 



< Cs 

which is small when s is small. 
For the integral 



( -^dih 2 ! 11 + \v l d l h 2 ( H dv e {t n ), 

Js n nB c s/2 z z 



by divergence formula 



■2 V % h a +2 vdlh ii d /^( E «) 



£„ns= /2 (0) 

= / -^'^^ + ^dth^d^) 

Jint(£ n )ndB s/2 (0) z z 



'int(E„)nB s c /2 (0) 

The second integral on the right hand side converges to as before. The first 
integral on the right hand side is close to the mass integral on half sphere when 
s is small. From RT condition it is half of the mass integral, which converges to 
47rrn, where m is the mass of the end. (Note the limit is taken first as n — > oo, 
then s 0.) 
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Now we deal with the integral on £„ l~l Bxr 

r i, . i, . ,.„. i , i 

JY. n nB KrQ 



^hijAi^b™ + -h u A im v l b m - -v l d l h ll V m b m + -V^ihuV^dfie 



S„nB f 



-h^Aij&^b™ + \h^A im {t n )v l b m 



where £„ = r () 1 'E n . From Theorem 13.21 and Lemma T4.51 Aij(S n ) — > and v T ' 
b m . hlj and /i[° fe is bounded. So the integral above converges to 



Again by divergence formula 

f _1 ,„..„. 1 
is„nB K 



dB K \int(T, n ) z z z J B K \int(S n ) 

The second integral on the right hand side converges to 0. The first integral on 
the right hand side is close to the mass integral on half sphere when K is large. 
So the integral converges to —Anm. (Note the limit is taken first as n — > oo, then 
K ->oo.) 

At last we deal with the intermediate part 



L 



■\h ij A ij v m b m +\h a A im vh m -\v l d i h il v m b m +\ 
2 2 2 2 



First from the new estimate for the second fundamental form Lemma l4.8l we have 

-IhijA^b™ + h a A im v l b m \ 

E„n(B sff _i\B A - ro ) Z Z 

< V / C\x\~ 2 (e-i L + e-^ L )(r * + s)d Me 

j =i-'=»nCB Jirro .«\B Jffo . (1 _ 1 j £ ) 

<C(r^ + s), 
For the second part 



/ -^V l d,h. a v m b m + Wdth«V m b m dHe 

Js„n(B 3ff _ 1 \BK,. ) z z 



For each n we can choose p„ € S„ n -B ,i„ . \_B i_ such that for 
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v n = v(p n ) Corollary 14.91 holds. So we have 

JS„n(B sH -x\B K r ) 2 2 

l -v l d l h u {v m - <)6 m + ~v l dih u (v m - v™)b m dve 

S n n(B 5H _i\B Kro ) 2 2 

+ (v™b m ) f (-l v l dihu + l v l dlhii ) dtie . 

is„n(B sff _ 1 \s JCro ) 2 2 

For the first term on the right hand side, we have: 

I / ~V l dihu(v m - V™)b m + ^V l dihu(v m - V™)b m dHe\ 

^s„n(s sH _ 1 \s K r ) 2 2 

< V | / ~v l dih a {v m - v™)b m + \v l d l h ii {v m - V™)b m dfl e 

i=l J ^{B Kr ^ iL \B KrQB ^ )L ) 2 2 
i=l i=l n/2 +l 

<C(s + ro h ) 
At last we prove 

f 11 

lim lim / (--« + -v l dih ii )d^ e = 0. 

s^O^oon^oo Js„n(s sff _ 1 \s fCro ) 2 2 

First for sufhciently large r 

1 1 If 

{--z v dihu + -v l dih u )dfi e - - (ha t u - h iiM )d^ e 

£„ 2 2 2 J B r (0)\int(S„) 

{--v l dihu + ^-v l dihii)dfi e 

8B r (Q) 2 2 

by divergence formula. So 

f 1 1 

| - 8?rm - / (--v l d t h u + -v l dih u )dfj, e \ < F(r ). 



And from RT condition 



f 11 

lim lim / {--v l dihu + -v l dihu)d^ e = -Airm, 

/■ 11 

lim lim / (--v l d l h il + ~v l dihu)dfi e = -4irm. 
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So we know 



f 11 

lim lim / {--v l d l h u + -v dihu)dfi e = 0. 

0,Jf-»oon->ooJ E n(fl „_ n \R^„1 * 2 



'S„n(B 3ff _i\iJKro) 

Now we combine all the terms we get 



n— >oc 



lim / (H — H e ) < v ■ b > e djjL e 



Airm — 47TTO 
87rm 



where m > is the mass of the manifold. This is a contradiction. So we prove 
Lemme rtTSl and the main theorem. 
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